History matching forms an integral part of the reservoir modeling work-flow process. Despite the existence of many history matching tools, the integration of production data with seismic and geological continuity data remains a challenge. Geostatistical tools exists for integrating large scale seismic and fine scale well/core data. A general framework for integrating production data with diverse types of geological/structural data is largely lacking. In this paper we develop a new method for history matching that can account for production data constraint by prior geological data, such as the presence of channels, fractures or shale lenses. With multiple-point (mp) geostatistics prior information about geological patterns is carried by training images from which geological structures are borrowed then anchored to the subsurface data. A simple Markov chain iteratively modifies the mp geostatistical realizations until history match. The method is simple and general in the sense that the procedure can be applied to any type of geological environment without requiring a modification of the algorithm.
Introduction
Production data brings an important, yet indirect constraint to the spatial distribution of reservoir variables. Pressure data provides information on the average pore volume and permeability connectivity near wells, while fractional flow data informs the extent of permeability connectivity between wells. Production data rarely suffice however to characterize heterogeneous reservoirs, a large amount of uncertainty still remains after history matching of geostatistical models [1] .
History matching is an ill-posed inverse problem attempting to invert reservoir properties from measured flow and pressure data. Solutions to such inverse problems are never unique which allows imparting other sources of data such as provided by seismic surveys and geological interpretation. The non-uniqueness of the history matching problem is well-known and various techniques have been developed that allow integrating production data with geological continuity information in fine scale geostatistical models ¾ ¿
. Most of these prior geological models reproduce only the covariance as a measure of geological continuity. Covariance models are rarely sufficient to depict patterns of gfeological continuity consisting of strongly connected, curvi-linear geological objects such as channels or fractures, see for example [8] and [9] . Ideally one would like to possess a single history matching algorithm that can handle diverse type of geological structures.
We propose a pixel-based history matching method that can account for any complex style of geological continuity, not necessarily limited to the two-point statistics of a variogram model. That geological heterogeneity is characterized by multiple-point (mp) patterns and corresponding statistics. The mp patterns are inferred from a training image. A fast sequential simulation algorithm, termed snesim (single normal equation simulation), then borrows those patterns from the training image and anchors them to local subsurface data. Next, the concept of multiple-point geostatistics is combined with a simple one-parameter Markov chain process to address the history matching problem. The transition matrix of this Markov chain is parameterized by a single parameter and modifies gradually and iteratively an initial geology consistent geostatistical realization to match better the production data. The Markov chain is implemented such that the final model honors the imposed training-image 3 based geological structure. We first review some important concepts in mp geostatistics that allows defining a large variety of prior geological models, then develop the proposed history matching methodology.
Multiple-point geostatistics

Borrowing structures from training images
The snesim algorithm Traditional to geostatistics, geological continuity is captured through a variogram. A variogram measures the degree of correlation/connectivity or conversely variability between any two locations in space. Since the variogram is only a two-point statistics, it cannot model curvi-linear structures such as channels, nor can it model strong contiguous patterns of connectivities such as fractures. The representation of such complex geological features requires multiple-point statistics, involving jointly more than two locations. The idea behind multiple-point geostatistics is to infer spatial patterns using many spatial locations of a given geometric template scanning a training image or reservoir analog .
The corresponding algorithm, termed snesim, is proposed in [9, 10] . It is essentially not different from existing more traditional conditional simulation techniques [11, 12] , in that it sequentially generates the numerical model, one grid cell after another. The difference comes from the probability distributions from which these pixel values are drawn: in snesim these probabilities are actual proportions inferred from the training image and made conditional to an mp data event. In traditional sequential simulation these probabilities are derived by kriging using a variogram model. Sequential simulation then allows to generate a number of equiprobable realizations which reproduce the training image pattern of continuity and honor local well-log and seismic data. The snesim approach essentially replaces the variogram modeling by the construction of a training image. A training image would typically be constructed using an unconstrained 3D Boolean simulation, see Fig. 1 .
At each node of the simulation grid, denote by È´ µ the probability model from which the value at that grid cell is drawn, where could be the event "channel present" at a given grid cell location and is the set of sample data and previously simulated grid cells used to constrain . In the sequantial Gaussian simulation (sGs), È´ µ is a Gaussian distribution with mean and variance determined by a set of (variogram-based) kriging equations.
The snesim algorithm follows the same principle of sequential simulation, but the probability model È´ µ is read from the training image rather than built by kriging from the variogram model. The snesim algorithm then allows generating the patterns found on the training image (see [9] for details).
The various proportions È´ µ are retrieved from the training image and stored in a dynamic search tree prior to starting the random path [9] . An example of the snesim methodology, using the training image of Fig. 1 is presented in Fig. 2 . Note that the training image model need not have the same size as the actual zone being simulated.
Constraining to soft data
The snesim algorithm allows for the integration of secondary information, used by the proposed history matching methodology. For example, seismic inversion procedures allow quantifying from amplitude data the probability of presence of specific facies, see for example [13] . This probabilistic inversion result must then be integrated with finer scale well data and geological prior models as depicted by the training image. Using a notation similar to that above we denote the probability model derived from secondary data as È´ µ, where is the unknown property at each grid node and is the secondary data event observed in the neighborhood of that node.
In order to integrate that secondary information into the snesim algorithm we need to Ü is the uncertainty when knowing both and . The combined probability È´ µ is derived as follows
Based on this expression, an algorithm termed cosnesim has been developed (see [9, 13] )
which allows generating models constrained to both the geological structure depicted by the training image (information B) and the secondary data .
Solving the inverse problem Methodology
We will consider only the case of a binary spatial variable described by an indicator random function model occurrence. In the mp geostatistics context, we denote by the event Á´Ùµ ½ ("the event occurs") and use for the production data.
Next, define a non-stationary Markov chain on the entire set of random variables Á´Ùµ Ù,
starting from an initial model ´Óµ´Ù µ, generating iterations ´Ðµ´Ù µ till convergence. Convergence is defined as matching the data up to a given precision¯. To define such Markov 6 chain, consider the single random variable Á´Ùµ at a specific location Ù. Since Á´Ùµ is binary, define the four transition probabilities of a ¾ ¢ ¾ non-stationary transition matrix, moving the chain from state´Ðµ to state´Ð · ½ µ at location Ù. The chain is parameterized by a single parameter Ö , where Ö ¾ ¼ ½ and depends on the data as follows
and for closure
The first two transition probabilities (2) and (3) are the probabilities of changing states (facies) from step´Ðµ to step´Ð · ½ µ ; Ö is the relative probability of such change of state, relative to the prior È´ µ. Ö is a taken as a function of the conditioning data . The degree of freedom Ö allows moving the model to matching closer the data . At each iteration, a one-dimensional optimization is carried out to find the value Ö ÓÔØ that matches best the data . For any given Ö ¾ ¼ ½ at any given current iteration´Ðµ and for all grid cells Ù the conditional probability È´ µ is obtained using the above transition matrix as
Ö is the same for all grid cells Ù. The resulting probability È´ µ is then combined with thee training image-derived probability È´ µ using Eq. (1) ´Ùµ and an optimal Ö ÓÔØ can be selected using any simple one-dimensional optimization method (e.g. the Dekker-Brent method, see [17] ). This
Markov chain is termed "non-stationary" since Ö changes at each iteration´Ðµ. 
Another interpretation of Ö
Eqs. (4) and (5) can be recombined into a single equation providing another interpretation
The probability È´ µ appears as a mixeture of the current realization ´Ùµ and the netto-gross prior proportion È´ µ, that mixture being controlled by the optimization parameter 
Algorithm summary
The proposed algorithm to integrate production data (D) and mp geological information (B)
proceeds as follows Define a training image depicting the desired geological continuity (information B)
Using the snesim algorithm: generate an initial model
-Define a transition matrix Eqs. (2).
-Perform a one-parameter optimization on Ö that provides the best match to the data , then draw model, the probability È´ µ is then given by Eq. 6. This step requires multiple runs of the cosnesim algorithm and the flow simulator.
-Derive the conditional probability from Eq. (1).
-Make a final run of the cosnesim algorithm to generate a model Ten history matched models are generated using the above described methodology of which 4 selected models are shown in Fig. 9 . The average of these 10 realizations is shown in Fig. 10 . The fuzzy nature of Fig. 10 demonstrates that the fractional flow data is not a strong constraint on the resulting reservoir models.
To investigate the flexibility of the approach in terms of prior models, we apply our approach to other types of geological heterogeneities. First consider the reference model in Fig. 11 depicting a population of fractures. Production data similar to those obtained for the elliptical bodies case is generated by forward simulation on the reference set, providing the fractional flow of water versus time measurements shown in Fig. 12 . Convergence to an acceptable history match is obtained after only 3 iterations. The initial guess plus the 3 iterations are shown in Fig. 13 and the history match shown in Fig. 12 . The training image used to obtain these results is shown in Fig. 14. A final example concerns a reference model containing channels as shown in Fig. 15 .
The results are show in Figs. 16 to 18.
5-spot case
Finally, we present a larger case of a 100 ¢ 100 reference model shown in 
Discussion and conclusions
In this paper we present a new geostatistical approach to history matching. The purpose of using geostatistics is to integrate geological information jointly with production data. Production data brings only a limited constraint to the reservoir permeability, particularly in strongly heterogeneous media, hence prior geological information must be used to quantify the geological patterns deemed relevant. If geology is ignored, the resulting history matched models are often too smooth and might have limited prediction power.
Multiple-point geostatistics is used to introduce any type of geology that can be quanti- 2. We can consider more than one parameter Ö , namely a set of parameters Ö ´ µ for each facies, and jointly perform optimization on the set of parameters.
The permeability for each facies is known and constant. We can solve this problem by a hierarchical history matching process, where the iteration consists of two steps:
in the first steps one perturbs facies with constant permeability, in the second step one perturbs the permeability while the facies remain frozen. For the second step one could for example apply history matching by gradual deformation ¿ . 
Nomenclature
